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Conpetitive equilibriumis not Pareto optimal if returns to scale
are not constant, except in special and accidental circunstances.
This result is denonstrated using a classical production nodel; it
hol ds quite generally, and independently of all other sources of
Pareto inefficiency, such as externalities, inperfect infornmation
and quantity constraints. It establishes a general and ubiquitous
basis for critique of the “invisible hand” ideology, which stil

dom nates both the textbooks and wi der reaches of social thought.
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1. The Probl em St at ed

The object of this paper is to show that, when returns to scale are
not constant, conpetitive equilibriumis not Pareto optimal, except
in special and accidental cases.

In today's post—Arrow Debreu environnent of quantity-con-
strained equilibria, inperfect and asymmetric information, etc.,
this may not seemto matter nmuch: if an econony is not thought
likely to reach equilibrium the Pareto properties of that equilib-
rium are of little interest.EI In the textbooks, however,
di m ni shing returns and concave production possibility curves are
central to the ideol ogical thrust of mainstream econom cs. Pareto
optimality also serves in an ideological capacity, protecting
conpetitive equilibriumfromthe ravages of nihilistic realism in

a hypothetical world of perfect information, costless nobility of

resources, absence of externalities, etc., the invisible hand |ives
on. For this reason it is inportant to examne the inplications of

non-constant (especially decreasing) returns for the Pareto

1

Foundation texts for neocl assical general equilibriumtheory
are Arrow & Hahn (1971); Debreu (1959). A recent survey that
focuses on the post—-Arrow Debreu devel opnents is Mikherji (1990).
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optimality of conpetitive equilibrium when the usual perturbing

conditions are absent.

3
| will do this using a classical nodel of production and dis-
tribution. Deriving a production possibility curve froma |inear
production nodel under decreasing returns is itself novel, and
chal l enges the claim that classical—+inear production theory has
difficulty handling non-constant returns to scale. This procedure
al so lets us distinguish the "macro" production possibility curve
reflecting the effects on production coefficients of |arge-scale
shifting of resources fromthe "mcro" production possibility curve
for the individual producer, whose own perceptible activity shifts
have negligi ble inpact on the macro coefficients.
| begin with a subcase of the classical nodel: one in which
all active agents are both producers and traders, perform ng | abor
wi th productive resources which they also owmn. There is no sepa-
ration here into | abor and capital nmarkets, and the producer-trad-
ers maxi mze, and therefore bring about the conpetitive equaliza-
tion of, a single variable — the net incone per unit of |abor ex-

pended, or net incone ratio, 7. | then argue that the result

extends readily to the full classical nodel, with separate |abor
and capital nmarkets and sinultaneous equalization of a wage rate
and a profit rate, and by inplication to the neocl assical nobde

with fixed endowrents and production functions.



2. The Model, in n and 2 Sectors

Consider a nmulti-sector econony, w thout technical change.E'There
are no capital stocks (stocks of produced inputs). Non-produced
i nputs other than |abor are assuned to be present; their role in
production will be expressed indirectly, however, through their
effect on labor and material input flows. The overall scale of
production is determ ned by the aggregate quantity of honbgeneous
| abor, which closes the system The production technol ogy can then
be described in well-known input-output fashion by a row vector of
honogeneous per-unit |abor inputs, |, and a square matrix of flow
per-unit input coefficients, A Net and gross outputs are, re-
spectively, the columm vectors Y and X; these are related by Y = (I
- AX where | is the identity matrix. W will also need, for
anal ytical purposes, the vertically integrated unit |abor input
vect or

A=A+ =11 - A7 (1)
fromwhich, with L representing the total |abor force,

AY = 1(1 - A1 - AX=1X=L. (2)

? A good source for nodels in this tradition is Kurz & Sal vadori
(1995); see also Kurz & Salvadori (1998). The sem nal foundation
text is Sraffa (1960).
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AY = L is the equation of the net transformation surface, the sim

pl ex expressing the tradeoff anong all of the net outputs of the

L & A, o ,
Yi=—-) —Y; J#i (2)
Ai ,Z; A

econony, which can also be witten as

From (2') the maxi mum net output of any commodity, corresponding to

max L
Yi=—.
Ai
zero net outputs for all other cormmbdities, is seen to be

It should be noticed that (2') reveals the narginal rate of trans-

formation (nmrt) between any two commodities to be

This system can be interpreted in two different ways. The
first, and nost obvious, is to assunme constant returns to scale in
all sectors of the econony, in which case the elenents of A and
are invariant to changes in the allocation of the total avail able
| abor, L, anpbng sectors. (2) and (2') then express the litera
truth about the range of possible choices of net output conbina-

tions available. Alternatively, however, one may regard (2) and

(2') as representing hypothetical extrapolations froma particul ar

set of outputs and the associated activity scales in the various
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sectors; they are a | ogical deduction froma singular reality, and
by no nmeans preclude the possibility that any actual shift of |abor
and allied resources anong sectors will cause sone or all of the
i nput coefficients to change.

Such change results from the existence of non-produced and
non- honogeneous i nputs; these enter the nodel indirectly by alter-
ing the labor input and produced input coefficients, as scale
changes. Decreasing returns may then be set in notion by |arge-
scal e, aggregative shifting of resources anong sectors. Shifting
by an individual producer, by contrast, is likely to have an un-
nmeasur abl e i npact on the technical coefficients, which are there-
fore constant within the range of variation that is relevant for
deci si on nmaki ng by i ndividual agents.

An exanple may help illustrate the distinction between the
macro and m cro perspectives on the effect of scal e changes on the
techni cal coefficients. In a hypothetical agricultural econony,
econony-w de shifting between crop farmng and dairy farm ng nmay
cause input coefficients to change in the presence of fixed quali -
ties of land that favor one or the other agricultural activity.
The individual farnmer, by contrast, may nmake a decision to nove
fromcrops to dairy, perhaps selling crop |land and purchasi ng pas-
turage of equal value for the purpose, w thout causing any change
in the crop/dairy tradeoff (the marginal rate of transformation).
The individual producer’s action is so mnute that it results in no
perceptible change in relative prices (of either land or goods),

and no perceptible change in productivities. As in the case of the
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perfectly conpetitive firm whose output decisions nove the econony
al ong the market demand curve to such an inperceptible degree that
there can be no perceived effect on the price, the farnmer’s effect
on the aggregate bal ance of resource use is negligible.

In the sinple producer—+trader subcase, conpetitive arbitrage
results in the formation of a uniform net inconme ratio, n. The
price equation is

p=pA+pl =npl(l - A" =7 (4)
where n is the equalized net inconme ratio, the outconme of the pro-
cess n, - n. The equilibriumprice vector for this econony is
therefore revealed to be proportional to the gross |abor input
A

coefficients, A.

W may quickly wite down the structure of the better-known

“capitalist” subcase, in which an equalized wage rate and an equal -

° The val ue of used-up inputs is replaced before net income is
calcul ated, so that differences in ratios of material inputs to
| abor (however neasured) do not “pull” prices away fromthose
that equalize net inconme ratios across sectors. Differences in
startup costs due to divergent material/labor ratios constitute a
one-tinme elenent that may affect decisions of new producers
choosing a sector to enter, but these should have vani shing sig-
nificance for the price structure in general. 1In a nodel with
significant fixed capital, however, differing material/labor
ratios mght well conplicate the equilibriumprice vector, even
in this world of small producers for whom ownership is insepara-
ble fromtheir own |abor activity.
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ized profit rate take shape. Here price adjustnent follows the
form

T - wW [l - (1 +r)A" (5)
where w is the vector of equilibriumprices for this case, fromthe
price equation ® = wA(1 + r) + wW.

VW begin with the producer—rader subcase, as expl ai ned above,

prior to generalizing the results. As a final prelimnary,we wl|l

%>0, a/]' >
alj aajk

0. (6

need the property (presented w thout proof here) that

This states sinply that the vertically integrated |abor coeffi-
cients, A, are nonotonic increasing functions of all of the input

coefficients.

In a two-good version of this econony, the hypothetical net

Yo=—-"VY1. ()
transformation curve (2') reduces to
In the producer—+trader nodel, we have, in conpetitive equi-
l'ibrium prices proportional to A (as we have seen above). Since
the goal is to examne the properties of equilibrium | assune from
here on that convergence is conplete, and that the A represent, for

this case, the appropriate price concept. Cearly, the agents in

this nodel will evaluate the narket price ratio in relation to
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M A, the marginal rate of transformation, which therefore energes

as the long-run equilibriumprice ratio.

It may be worthwhile to establish this result as explicitly as

A= A 1=( 1) A{a“ a”}

d21 an

possi ble. For the two-good case we have

ﬁ: 11 (1-az)*1, 8.21_
Az L(1-au)+liaw

fromwhich, using (1),

Producers nove between the two sectors by conparing net incone

(7,.0,)= { p,(1-au)- p,an pz(l'azz)'p1a12}
1772 ) .

I I2

ratios. This amounts to choosing the maxi num of

It is easy to show that P fi = n, n, producers wll there-
P, 2
fore mgrate in one direction or the other until -El:ny which is
P, A2

therefore established as the long-run conpetitive equilibrium

condition for this econony. The ratio A is, as we have seen, the

Az

marginal rate of transformation seen by the individual producing

agent, since it is a condensed expression of the production

coefficients defined by the established scale of the sectors of the



10
econony. The individual producer is both powerless to alter, and
uninterested in altering, these coefficients, and certainly cannot
know or antici pate changes in them

Qur next task is to derive the econony-w de net transformation

curve, under the assunption of decreasing returns to scale in both

sectors: this is the inplicit role of the non-produced inputs in
the model .8 Al or some of the i nput coefficients in a sector are

thus assuned to vary directly with the scale of activity in that

* The distinction being drawn here is essentially the same as

t hat between (dis)economes internal to the firmand those exter-
nal to the firm These have a long history in 20th century dis-
cussion, but this has usually been in the context of increasing
returns to scale and with regard to the problemof the long-term
viability of conpetitive firmsize, a problemthat plays no role
in my argunent (see, e.d., Young, 1928). There is, so far as |
am aware, no prior discussion of the relation between non-con-
stant returns and Pareto optimality, despite the large litera-
tures on the two concepts taken separately.
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sector, as neasured by the proportion of the sector’s val ue added,

Ai1Y1 A2Y o
=l- - 1- y=+==-=
L H L

LY, in total value added L. Defining

U

we can use the nmonotonic property (6) to express decreasing returns
as affecting the gross |abor coefficients A: an increase (decrease)
in scale in sector j, for exanple, forces sone or all of the input
flow coefficients in that sector up (down), which in turn alters X
in the sane direction. For sinplicity (and | believe w thout |oss

of generality), the relation between the scale paraneter p and the

A is assuned to be linear:

A, = a + bp (8)

A, = c - dy (c > d) (9)

Rel ations (8) and (9) are the central innovation proposed here;

they bring non-constancy of returns into the “linear” classical

model . The restriction ¢ > d assures that A, is positive at its
m ni rum val ue, when all l|abor is allocated to sector 1 (p = 1).

From (8) we have Y™ = L -t ;from (9), Y,™ = _t -t
A(u=1) a+b A,(u=0) ¢

It should be noted that A,Y,+A,Y,=L, and that |,+[, = L, but
that, except at one particular and analytically uninteresting

al location of labor, ALY # L. AY; goes to O as Y, goes to O, which

occurs when L, is still positive (sector i mnust run at a mninum
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| evel adequate to ensure replacenent of good i used up in both

sectors).

=21 g _L-(@+b)y,

= (10)
L_bYl L-bYl

Combi ning the definition of wwth (8), we find

ady, _cL-(ad+bc)y,
L-by, L-by, .

And from (9) and the definition of up,

A=C-

L-(@+b)y,
=L : 11
Y2 cL-(ad +bc)y, (1)

Putting this into YZ:(l-,u)L

, we finally obtain
2

(11) is the equation of the aggregate net transformation curve, or

production possibility curve, incorporating the (decreasing-re-

turns) effect on scal e when econony-w de shifts of |abor (changes
in p) occur. It should be noticed that vYy,=0_Yy,=yy* =L/, and
Y,=0_ Y,= y™=L/(a+b), as required.

The “macro” aggregate nmarginal rate of transformation, MRT, is

6Y2__ a(c-d)L?

MRT = = 7>
Y, [cL-(ad+bc) Y]

(12)

f ound as
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which is < 0 omng to the restriction ¢ > d; this al so guarantees

that the denomnators in (11) and (12) are positive for all Y,

2
dO,yr=). The second derivative, %;2, is also < 0, as expected.
1

Now the “m cro” marginal rate of transformation, nrt, is eas-

i al
cL-(ad+bc)y,

(13)

ily derived:

From (12) and (13) the relation between the two margi nal rates of

MRT=mr‘{ (c-d)L } (14)
cL-(ad+be) Y,

transformation is seen to be

The inmportant point here is that the two marginal rates of trans-

formation are in general different. In fact, MRT = mrt if and only

dL

if the termin square brackets in (14) = 1, which inplies Y= ,
ad +bc

a particular value of Y, falling between 0 and Y,™. Conpari son
of MRT and mt at different conpositions of output s
strai ght forward. In the followng table, they are presented in

absolute value (i.e., the negative sign is ignored for sinplicity):
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The information obtained thus far is presented visually in Figure
1. The top panel shows the production possibility curve. The
straight lines have slopes determ ned at their points of tangency
or intersection with the curve; the |abels attached to themare the
econom c interpretation to be given to their slopes. 1In the bottom
panel, the MRT and nrt curves are again drawn in absolute val ue,

for ease of presentation.
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The major inplication of this construction should now be
cl ear. I ndi vi dual producers follow nrt, not MRT: their own re-
source shifts are infinitesimally small in conparison to the macro
scal e of the econony, and the decreasing returns that operate at
that scale are invisible to them Wth the econony at sonme posi -

tion along the macro transformation curve, the operational nmarginal

rate of transformation is given sinply by % and is constant for
2
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the reasonably small ranges of shifting perceivable by any
i ndi vi dual producer. This is nothing but a general equilibrium
version of the wusual conpetitive assunption: individual firns
confidently (and correctly) assune that their own actions are too
insignificant to affect either prices or scale conditions at a
magni tude to alter the technical coefficients. Rati onal action

then, equates the marginal rate of substitution in consunption
MRS, to mrt, and, by inplication, therefore, MRS # MRT —unl ess
the paraneters underlying the optinmal allocation happen by acci dent
to place the econony at Y,= dL/(ad+hbc).

This outconme can be fornalized using a standard Cobb- Dougl as

U=v{v?$, (15)
El

utility function:

fromwhich the marginal rate of substitution (once again ignoring

~(a+

U, BY: B Y cL-(ad+bo)y;
t he negative sign for convenience) is

This expression has a vertical asynptote at y,=0, and becones 0 at

Y=Y

® This of course falls short of a truly rigorous presentation in
terms of individual utility functions, and falls prey to all of

t he wel | - known paradoxes associated with the notion of a soci al
utility function and comrunity indifference curves. It is suffi-

cient to make the point about the welfare loss fromnrt # MRT
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Fig. L The wollers brs in coimpetileie eoqimlibesm

The relation anong all three ratios MRS, nmrt and MRT is shown
in Figure 2. The conpetitive equilibrium of the econony is at
point Ein the top panel. This equilibriumis fully determ ned by
both technical conditions and demand. The inportant point is that,
since mt = MRS at E, that point represents a stable equilibrium

nei ther producers nor consuners have an incentive to shift. The
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MRS and nrt curves clearly have a single intersection, guaranteeing
uni queness of equilibrium at least in this sinple setting. The
Pareto i nefficiency appears as the heavy line segnent in the bottom
panel, showing (in this case) MRT < MRS at the equilibrium
al l ocation; and as the shaded area in the top panel, neasuring the

wel fare | oss.

3. Concl udi ng and Summari zi ng

The conclusion i s unm st akabl e non-constant returns by thensel ves

inply that long-run conpetitive equilibriumis not Pareto optinal.

This conclusion actually follows sinply fromthe observation that
i ndi vi dual producers cannot sinulate the effects of a conbined
(macro) shift in resources, and therefore have no way of know ng
MRT (the vector of marginal rates of transformation for the n-good
case). Moreover, even if they had the econonetric capability to
estimate it, they would not want to do so; their nomentary profit
opportunities would inpel themto act according to p nrt (where
nrt is the vector of mcro marginal rates of transformation). MRT
is not a factor in producer optiml calculations.

Does this result survive translation to the capitalist case,
in which | abor markets and capital narkets have been separated and
a distinct rate of profit formed? First, it is interesting to

observe that in a conpetitive regime of profit-rate maxim za-

tion/equalization, the relevant rate of transformation is 15, £ fi.
TT| j

Capital owners in this case are oblivious to the actual marginal
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rates of transformation in the econony —nrt as well as MRT. (To
see this, renenber that with p = nrt, in general profit rates
differ anobng sectors.) Forces other than the actual technical
possibilities of transformation are driving price fromthe supply
si de.

Wth profit-rate equalization defining the special rate of
transformation =, there is every reason to expect that MRS = & #

MRT in conpetitive equilibrium The welfare | oss persists. By
extension, in a nore sophisticated dynamc world, all of the widely
recogni zed problens for the welfare theorens cone into play on top
of the welfare loss identified in the static case, but there is no
reason to believe that that loss is sonehow elimnated or
superseded. The point remains general.

As a final step toward conplete generality, we may briefly
consider the world of fixed endowrents. |nmagine a |arge nunber of
producers, each with a unique transformation curve and vector nrt,
expressing the perceived transformation opportunities in
production; imgine also, for the nonent, that these vectors are

the relevant ones for optimal calculation. Once we recognize that
mt = f,(p), -- that individual production possibilities depend on

aggregate tradeoffs enbodyi ng decreasing returns and in principle

unknown and unknowabl e to the individual agents -- we still have
mt # MRT, and a large collection of welfare | oss areas such as

the one depicted in the top panel of Figure 2. This Pareto inef-
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ficiency is nore visible in the “classical” world, but it exists
al so in the neocl assical fixed-endowents nodel s.

It should, perhaps, be noted that the deviation of nrt from
MRT has nothing to do with specific externalities in production,
such as the fabled orchardi sts and bee-keepers or the polluters of
rivers with industrial waste. These external effects and other
mar ket inperfections constitute further sources of divergence be-
tween perceived and actual tradeoffs, and failure to achieve Pareto
optimal outcomes. The argunent of this paper is that, even absent
all such specific external effects and information failures, the
very atom stic, “paranetric” condition of the individual producer
entails failure to perceive and act upon the full social tradeoffs
i n production.

One may see this failure as yet another externality, in the
sense that the effect of an individual producer’s actions on tech-
nical coefficients is external to his/her calculations and behav-
ior. Alternatively, it may be considered an information problem
by definition, the individual does not have know edge of the social
MRT and would not act on that knowl edge if it were available
Semantics should not detain us. If ny point is thought to involve
externalities and/or inperfect information, it is only in a sense
that these qualities are ubiquitous and inherent in all conpetitive
production, as long as returns to scale are not constant.

| make no effort to estinmate the relative inportance of the
wel fare loss arising fromnrt # MRT, and in fact doubt whether any

attenpt at estimation could be neaningful. The role of the link
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between Pareto optimality and conpetitive equilibriumis, as im
plied at the outset, nore ideological than practical. | amaquite
prepared to agree that the result presented in this paper has no
practical significance -- as long as the sane conclusion is drawn
concerning the invisible hand thinking that still dom nates the
t ext books, despite the guarded and nihilistic conclusions of the
post —Arrow Debreu theorists. This doctrine has the advantage of
i ncunbency, with a deep and enduring inpact on social thought. Its
refutation is therefore a useful project, despite the apparent
sinplicity and abstractness of the argunent. |f atom stic conpeti -
tion is not socially efficient, even on the austere, static terrain
on which it perfornms best, then speculation about economc
possibilities is protected fromsuccunbing to formnul aic negativism
and new ways of thinking about institutional arrangenents seem both

possi bl e and worth pursuing.
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